We investigate holographic fermions in general asymptotically scaling geometries with hyperscaling violation exponent θ, which is a natural generalization of fermions in Lifshitz spacetime.
I. INTRODUCTION
As is known to all, the strongly coupled field theories can only be studied by additional assumptions, hypothesis and numerical simulations, without analytical investigations and proof due to the non-perturbative nature. Despite some successes, there however is still lacking of a systematical way and especially, there emerges new materials in recent years, including the cuprate superconductors and strange metals which seem to lie outside this approach. Fortunately, the AdS/CFT correspondence [1] [2] [3] provides a completely new way to study these strongly interacting theories by constructing the corresponding classical gravity dual which is the only assumption in this theoretical framework. In particular, one can now derive and show the behavior of the Green's functions both analytically and numerically in the boundary theory [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] by adding probe scalar or spinor fields in the bulk. One of the most studied class of gravity backgrounds is the one with asymptotically anti-de sitter (AdS) spacetime which is dual to a conformal field theory in the UV limit.
Recently, people have also constructed the gravity duals for non-relativstic field theories [18] [19] [20] [21] [22] [23] [24] which is clearly necessary and important to investigate the finite density systems in condense-matter theory, thus called AdS/CMT correspondence. The space-time now exhibits anisotropic scale invariance with Lifshitz dynamical scaling exponent z = 1 (z = 1 reduces to the AdS case), and thus is known as Lifshitz space-time. More recently, it has been extended to more general scaling geometries with hyperscaling violtion exponent by studying the standard Einstein-Maxwell-dilation theory in the bulk [25] [26] [27] [28] [29] . The metric behaves like
where i = 1, 2, ..., d is space index, m and n are related to dynamical exponent z and hyperscaling violation exponent θ by
Note that n = −2 corresponds to a class of spacetime which is conformally related to AdS 2 × R 2 with the locally critical limit z → ∞, θ → −∞, while z/θ fixed to be a constant [30] .
And when n = −1, the metric reduces to the pure Lifshitz spacetime. Furthermore, in order to obtain a stable theory, we will always have [31] m ≥ n + 2, and m ≥ 0 or equivalently
The metric transforms as
Hence the background is not scale invariant. And the dual theory in the boundary typically has a non-trivial dimensional parameter below which such behavior emerges. Above this dynamical scale, generally speaking, the metric (1) will no longer be a good description probably.
On the other hand, in the standard AdS/CFT correspondence, the probe fermion in the bulk typically corresponds to composite operators whose correlation function obeys modified sum-rules which differs from the ARPES sum-rule [33] (see eq. (4)), obeyed by the single-particle Green's function, as emphasized in Ref. [34, 35] .
In order to obtain the single-particle correlation function, Umut Gürsoy et al constructed a modified holographic prescription by introducing a dynamical source on a UV cut-off surface close to the boundary, which actually creates a UV dimensionful scale by hand which does allow for the non-trivial behavior of the Green's function extracted from holography. More precisely, a kinetic term for the bulk field is placed on the UV cut-off surface, instead of the stationary one as is well-known. When integrating over the boundary value of the bulk field via alternative quantization, one finds the two-function of the dynamical source which is proposed to be the holographic dual of the elementary fermion in the boundary. It has been shown that the Green's function obtained in this procedure in asymptotically Lifshitz spacetime does obey the non-trivial sum-rule (4) and the Kramers-Kroning relation, with no pole located in the upper half plane of frequency [34] .
In this paper, we will generalize the ARPES sum-rule in asymptotically scaling geometries with hyperscaling violation where we in fact have assumed that the dynamical scale hidden in the metric (1) is as the same order as the UV cut-off. We also study holographic fermions at finite density in this background. The rest of this paper is organized as follows: In section 2, we briefly review the charged black hole solutions with the metric (1) asymptotically in standard Einstein-Maxwell-dilaton theory. We introduce two gauge fields one of which behaves finite in the UV limit, thus chemical potential can be well defined. And we study the condition of extracting well fermionic operator dimension in the UV limit. In section 3, we compute the Green's function for probe fermions at zero density and prove the ARPES sumrule at the zero temperature limit. In section 4, we investigate the properties of holographic fermions at finite density by solving the Dirac equation numerically. Finally, we present a brief conclusion.
II. PRELIMINARY
A. Scaling geometries with hyperscaling violation
We start from the standard Einstein-Maxwell-dilaton theory in d + 2 dimensional space-
where the AdS radius is set to 1. This action has been widely studied with great details in
Ref. [25] [26] [27] 32] . We list the solutions in the following
where δ = m + n + d + 1, r h is the location of the horizon. And
where F 0 , H 0 are constants which are proportional to the conserved charges carried by the black brane. And
The Hawking temperature of the black brane is give by
For a physically stable theory, k 0 is real and one finds m ≥ n + 2, which is consistent with the condition that we mentioned in section 1. Note when r → 0, both the dilaton and the field strength F µν diverges at the boundary such that chemical potential can't be defined
properly. To obtain a well definition for the finite density, we introduce another gauge field H, H = dB. where B µ is the corresponding gauge potential. From eq. (7), we find
where µ is the boundary chemical potential. Requiring H rt behaves regularly in the UV limit, we find
which leads to a constraint condition on (z, θ). For instance, when d = 3, z ≤ 2, θ < 3. Notice that when n = −1, m = z, above solutions reduce to the Lifshitz case. The diverging asymptotic behavior needs to be properly treated by a holographic renormalization procedure which we won't discuss in this paper. Since the fermions we consider do not couple to the dilaton and the F field, they will be regarded as purely 'background' and neglected.
B. Holographic fermions in asymptotically scaling geometries
In order to investigate holographic fermions in asymptotically scaling geometries, one needs to extract the fermionic operator dimension in the asymptotic limit r → 0 at least, as in the standard holography. For this purpose, we first consider the fermions at zero density.
The fermionic action in the bulk is given by
where 
And ω is the spin connection whose nonzero components are
Furthermore, g ǫ is the determinant of the induced metric on the constant r slice, r = ǫ. Ψ ± is defined by
is the boundary terms introduced to ensure a well defined variational principle for the total action [36, 37] . The Dirac equation reads
In the asymptotic limit eq. (1), one readily finds
Assume that the Dirac field behaves like
where ∆ is the fermionic operator dimension. Substituting eq. (21) into eq. (20), one finds that if and only if n ≥ −1, ∆ can be extracted from asymptotic analysis. When n = −1,
which is compatible with the Lifshitz case. When n > −1 i.e. θ > 0, ∆ = (m + d)/2, which is exactly the generalized case we are interested in. The unitarity bound requires ∆ ≥ d/2 which leads to m ≥ 0 that is the physically sensible condition we mentioned previously. Hence, the bound is satisfied automatically now. Moreover, the mass of the probe fermion decouples from the UV dimension which will play an important role in the proof of ARPES sum-rule, as we will show in the next section.
Take a Fourier transformation
Since the theory is rotational invariant, the momentum can be taken along
, where e 1 is the unit vector parallel to the x 1 direction. Furthermore, we choose the gamma matrices as follows [4, 37] 
where σ are Pauli matrices. And we set
where ψ − (r, k µ ) = −iξ(r, k µ )ψ + (r, k µ ) and ξ + = iu − /u + , ξ − = id − /d + . ξ ± are the eigenvalues of the matrices ξ. In the standard AdS/CFT correspondence, when r → 0,
which will lead to
thus we readily obtain the retarded correlation functions of fermionic operators by imposing in-falling boundary conditions for ψ at the event horizon [30] 
where O − is the fermionic operator dual to ψ + . Note that eq. (26) is always true for arbitrary fermion mass M in contrast to the Lifshitz cases where a factor r −2M appears in the righthand side of the limit to obtain a finite result [38] . For finite density systems, eq. (25) is still valid, with k µ replaced by k µ − qB µ , where q is the charge carried by the probe fermions under the gauge field B µ . Furthermore, eq. (25) leads to
when n = −1, θ = 0, eq. (27) reduces to the Lifshitz case.
III. ARPES SUM-RULES
From eq. (25) and eq. (26), one can easily drive the two point function of the fermionic opertor O − in the boundary. However, as we reviewed in the previous section, the Green's function derived in this standard holographic procedure doesn't obey the ARPES sumrules eq.(4). It was first proposed in Ref. [34] that a modified approach which introduces a dynamical source on a UV cut-off surface does allow for the extraction of the single-particle Green's function that satisfies eq.(4). The action of the source term is [34] 
Hence the total action [39] is
We focus on d = 3 case. The corresponding retarded Green's function extracted from this action is as follows
where we have redefined the Dirac field as
In the zero temperature limit, we obtain
In the end, we need to take the limit ǫ → 0 to romove the UV cut-off. Obviously, the last two terms in eq.(31) are divergent in this limit. The divergence in the third term can be absorbed in the constant g f by a redefinitiong f = g f ǫ −(n+m) /Z. In order to keepg f finite to arbitrary order, we work in a double scaling limit
Since the theory is not scale invariant (see eq. (3)), the second term needs to be treated carefully. Fortunately, the scaling relation ω ∝ k z still holds and is preserved under the scale transformation eq.(3). Hence, the kinetic action for a single component ψ of a fermion
When the UV cut-off of the spatial momentum Λ k ∼ ǫ is taken, the Lifshitz scaling is broken and the relevant terms contribution which looks like S rel ∼ dω d d k ψ * (ηk)ψ needs to be considered in such a way that it will maintain this scaling in the IR region. Thus, we obtain
where η is a constant, ξ(ω, k) = lim ǫ→0 ξ(ǫ, ω, k).
In order to prove the sum-rule eq.(4), we first consider massless fermions with zero momentum i.e. M = 0, k = 0. From the Dirac equation and in-falling condition, we obtain [4] ξ(ω, 0) = i
Hence, the Green's function of the massless fermions with zero momentum is
which clearly leads to
Moreover, from eq.(32), we find
On the other hand, from eq. (25) ξ(ω, k) satisfies the following properties [4] 
Thus, one can verify that in general we have
From eq. (34), there exists only one pole in the negative imaginary axis provided thatg f is positive definite. Clearly it satisfies the Kramers-Kronig relations. Now we readily obtain 1 2π
In the general case M = 0 = k, we have no way to drive the analytic structure of ξ(ω, k) and have to assume that all non-analyticity of eq.(32) located in the lower half-plane, which is physically sensible for a theory with well causality. In this case, to perform the calculation of the expression (39), we can use an infinite semi-circle, denoted as C in the upper half-plane to connect the both ends of the real axis to form a closed curve. On this semi-circle, ω → ∞ with k, M finite. On the other hand, from eq. (27), we find
Note that n > −1 leads to θ > 0. Clearly, this expression determines ξ(ω, k, M) that the limit ω → ∞ with k, M finite is equivalent to the limit k → 0, M → 0 with ω finite. Hence, on the infinite semi-circle, eq.(32) will reduce to eq. (34) . Thus, we obtain 1 2π
This is the sum-rule eq.(4) obeyed by the single-particle Green's function. Thus, by introducing a dynamical source on a UV cut-off surface, we indeed extract the modified holography which is valid for the elementary fields, instead of the composite operators in the standard AdS/CFT correspondence, as we expected at the very start. Notice that from eq. (40) the mass of the probe fermions decouples in the large frequency limit which leads to the fact that the sum-rule holds for arbitrary fermion mass, without generating any instability. This is qualitatively different from the Lifshitz case [34] where the mass is restricted in an interval (−z/2, z/2) to meet the unitarity bound which is however automatically satisfied and has no power in our asymptotically scaling geometries with hyperscaling violation. It isn't surprising since the mass decouples from the UV dimension and does not appear in the asymptotic expansion of the fermion field, as it was shown eq.(21). We point out that this nontrivial behavior of the fermion mass is also true for scalar and spinor fields in our background. We don't know the physical origin in a deeper level. One of possible explanations is that the dual theory in the boundary is not scale invariant from the UV fixed point. The dynamical scale below which the hyperscaling violation emerges is the same order of the UV cut-off, which probably results to the decouple of the bulk mass in the operator dimension and instead the hyperscaling violation appears in the dimension.
IV. FINITE DENSITY SYSTEMS
We now return to the holographic fermions at finite density in the background (6). The charged black brane has zero entropy density at zero temperature limit and doesn't admit extremal solutions. Despite this point, we will study the fermions at low temperature and explore the existence of Fermi surfaces. Since the system has finite density, we need to replace ω by ω − qB t in eq. (25) . Furthermore, the Green's function G O − (ω, k) is a two by two matrice whose eigenvalue is G 11 and G 22 which are related by
We will focus on G 22 and drop the subscript in the following.
For convenience to perform numerical calculation, we set
. The remained free parameters are n and q. Especially, the hyperscaling violation exponent is expressed as θ = 3(n + 1)/(n + 2), varying with n only. Therefore, we won't mention θ again, unless it is necessary to.
We first focus on n = 0 case. The properties of the spectral function ImG are summarized as follows:
It is shown that a sharp quasiparticle like peak appears at some momentum in ω → 0 limit in Figure. 1. The peak is almost a delta function, implying the existence of a Fermi surface. The corresponding Fermi momentum is k F = 1.58848138 for q = 2.5. We also obtain k F = 1.20444080 for q = 2 and k F = 1.98251000 for q = 3. Hence, the Fermi b. From Figure. 2 and Figure. 3 [40] , we find that when the charge is sufficiently large, there even emerges Fermi-shell like structure in the spectral function which contains a large number of sharp peaks with tiny steps in some narrow interval of momentum. The spectral function behaves highly singular around the shell such that on one hand, it takes an absolute dominant position instead of the sharp peaks in the lower charge, with a ratio of order 10 45 in our numerics; on the other hand, the shell appears discontinuously and suddenly during the increasing of the charge, as shown in Figure. c.
In Figure. 4, we find that the dispersion relation between ω * (k ⊥ ) and k ⊥ = k − k F is linear, independent of the charge q, where ω * (k ⊥ ) is the location of the maximum of the spectral weight ImG, indicating that the dual liquid is like a Fermi liquid.
d.
In Figure. 5, we plot the scaling behaviors of the spectral weight at the maximum.
The logarithm of ImG is however not linearly dependent on log |k ⊥ |, behaving qualitatively different from the published results previously [4] [5] [6] [11] [12] [13] , where ImG(
and β = 1 for the standard Landau-Fermi liquid. In our case, β → 0 with k ⊥ → 0 limit. In this regard, the dual liquid behaves not exactly as a Landau Fermi type. This phenomenon is also observed in charged dilatonic black holes with non-relativistic fermionic fixed point [14] .
e.
The above results stand for the general properties of the systems with finite n (n > −1). However, when n increasing, the sharp peaks will be smoothed out for any fixed charge, as shown in Figure. 6. Thus in the large n limit, the hyperscaling violation will play a dominant role instead of the finite density such that there won't exist any Fermi surface.
Indeed, θ < d is a compulsory constraint to allow for a stable theory (see eq. (2)). Hence, θ → d limit might be a critical point, through which a complete new phase with no Fermi surfaces emerges, via some unkonwn quantum phase transitions. 
V. CONCLUSIONS
We have studied holographic fermions in asymptotically scaling geometries with hyperscaling violation θ. In order to extract the fermionic operator dimension for a stable theory by asymptotical analysis, as in the standard holography, we need 0 < θ < d. We first prove that the Green's function obtained in the modified holography [34] which introduces a dynamical source on a UV cut-off surface close to the boundary does exactly obey ARPES sum-rule in this spacetime. The fermion's mass decouples from the UV sector and no longer imposes restrictions on the sum-rule.
On the other hand, we also studied the main features of the fermions at finite density in low temperature. The dual liquid may be a Fermi liquid since the dispersion relation is linear, independent of charge q and hyperscaling θ. However, the maximum height of the spectral function behaves qualitatively different from the usual form ImG ∼ k −β ⊥ . In our case, β is not a constant and varies with k ⊥ , especially β → 0 in k ⊥ → 0 limit. Another peculiar property of our system is the sharp peaks emerging with the increasing of charge will gather together to shape a Fermi-shell like structure. It only happens beyond a critical charge value where a novel band pattern appears on the k-q plane. In the end, we also find
